A.n:ln—a (A2)
nn:nokn/ 2 rn (A3)
n=1
one obtains
L T— p*
= A4
"= 2 Pt (P (A4)

n=1

where Z(«) is the Riemann Zeta function. The relaxation time
A is readily obtained from Equation (A4) by a master curve
technique.

The final two fluid constants m and a are determined from
steady shear viscosity data. The power law slope of the viscos-
ity-shear rate curve is m, while @ is obtained again by a master
curve technique.

Manuscript received October 8, 1976; tevision received July 6, and
accepted July 7, 1977.

Part Il. Definition and Measurement of

Apparent Elongational Viscosity

The collapse of a single spherical gas bubble within a large body of
fluid creates a uniaxial elongational flow in the surrounding fuid. Collapse
under constant bubble pressure is observed to produce nearly constant strain
rate kinematics. If the steady state stress at the bubble/fluid boundary could
be measured, it would be possible to estimate the elongational viscosity of
the fluid.

Unfortunately the experiment does not yield the desired stress data, ex-
cept in the special case of the Newtonian fluid. We are led to define an
apparent elongational viscosity, and for specific constitutive models we can
evaluate the deviation between the apparent and true viscosity. The experi-
mental and theoretical work indicate that the apparent elongational viscosity
provides a good estimate of true elongational viscosity for the two visco-
elastic solutions studied so far.

SCOPE

The standard techniques for measuring elongational
viscosity work only for highly viscous melts (5, >106 P)
and at low strain rates (¢ <10~ s~1), In many cases of
practical importance in the polymer processing industry,
it is desirable to have elongational flow information for
concentrated polymer solutions or low molecular weight
polymer melts, both of which exhibit modest viscosities,
As well, elongational behavior at higher strain rates must
be studied.

Collapse of a single spherical gas bubble in a sea of

fluid will create a uniaxial extensional flow. For two con-
centrated polymer solutions of moderate viscosity {(no ~10°
P), constant strain rates of 10~ to 10 s—! were achieved.
Through evaluation of the transient elongational flow be-
havior, one can determine if the fluid studied exhibits
stretch thickening or stretch thinning elongational viscos-
ity. Assuming the latter, we present an evaluation of an
apparent elongational viscosity as a function of strain rate
for two solutions. The assumption that the fluids are
stretch thinning is consistent with the data.

CONCLUSIONS AND SIGNIFICANCE

The bubble collapse experiment can be used to estimate
the elongational viscosity of a concentrated polymer solu-
tion. The actual measurement is of an apparent elonga-
tional viscosity neqpp. A comparison of ze,p, data to the
predictions of the Tanner-Simmons Rupture model and

the modified corotational (Zaremba-Fromm-DeWitt) Max-
well model was made, with good agreement exhibited for
both viscoelastic solutions studied. The constitutive test
was severe in that all material constants were fit using
viscometric (shear flow) data prior to predicting 7.(é).

Part I of this paper dealt with certain aspects of the
transient response of a viscoelastic fluid to an elongational
flow {Pearson and Middleman, 1977). The collapse of
a spherical gas bubble surrounded by an infinite sea of

Correspondence concerning this paper shou'd be addressed to Stanley

Middleman. Glen Pearson is with Eastman Kodak Company, Rochester,
New York 14650,
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fluid was analyzed using both purely viscous and visco-
elastic constitutive models. Experiments were performed
with Newtonian and viscoelastic solitions of moderate
viscosity (n, ~ 1000 P). Collapse of the bubble was
induced by a rapid change of pressure within the bubble.
From measurement of bubble pressure, and high-speed
photography of bubble collapse, the dynamics and kin-
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ematics of this elongational flow were obtained. Excellent
agreement was obtamed between the predicted and ob-
served response of the Newtonian fluid studied. The
observed transient data could be quantitatively modeled
by the modified corotational model based on the Zaremba-
Fromm-DeWitt rate equation.

The constant pressure collapse experiment is observed
to yield data at constant strain rate. This opens the pos-
sibility of obtaining the steady elongational viscosity from
this type of experiment, and the present paper describes
the results of our attempt to do so for two viscoelastic
polymer solutions. Part I describes the transient modeling,
and complete details are given in Pearson (1976).

DEFINITION OF ve,app

For a spherically symmetric bubble collapsing within
a sea of fluid, the pressure Pg inside the bubble is re-
lated to the stress in the fluid by (Pearson and Middle-
man, 1977)

20 © Te — Too
‘I’=PG—P¢—-§-=—2‘£ ———r——df (l)

when inertial forces can be neglected.
The rate of deformation tensor, assuming spherically

symmetric incompressible flow in the external fluid, is
given by

= — 2R°R [0 -1 0} (2)
? {0 0 -1
For a Newtonian fluid
T =l (3)

and symmetry implies 749 = 749, from which it follows
that
Trr = — 27og. (4)
Equation (1) may be integrated, for the Newtonian
case, with the result
3

Trr — TBOIR,Newt == ‘2— < (5)

The elongational viscosity is defined, subject to condi-

tions of steady state stress and rate of strain, as
Trr — T69

= % 6
(1/2) Ay (&)

At the bubble/fluid boundary [r = R(f)] we define

the nominal strain rate ¢ to be

Ne

ou, 1 2R
€= =—Ay| = —— (7)
or R 2 R R
Thus, for a Newtonian fluid, we may calculate %, from
3R
Ne = ; (8)
4R

In general, we cannot relate (r,, — 74)r directly to
© except for some particularly simple forms of non-New-
tonian constitutive equations (Pearson, 1976). As a con-
sequence, Equation (8) does not provide a generally
valid relationship between elongational viscosity and
measurable quantities.

We will define an apparent elongational viscosity
Me,app a5

3®R

. (9)
4R

Te.app —

This is analogous to the use of Poiseuille’s law for defini-
tion of an apparent shear viscosity as determined from
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pressure/flow data in a long capillary or tube of circular
cross section. However, in that case, a procedure exists
[based on the Weissenberg, Rabinowitsch, Mooney equa-
tion (Middleman, 1968)] whereby the true viscosity may
be determined from data on the dependence of the ap-
parent viscosity on shear rate. So far we have been un-
successful in deriving an analogue of this procedure for
use with Equation (9). In principle, then, the relation-
ship of 5eapp t0 7e is unknown, and it is not clear a priori
that Equation (9) provides a useful estimate of the de-
sired quantity . itself.

The deviation between apparent and true elongational
viscosity is due to, and proportional to, the deviation be-
tween the normal stress difference at the bubble surface
— (7rr — 70¢) r and the readily measured pressure function
3/2®. For a specific constitutive equation, it may be possi-
ble to calculate both the stress difference and the pressure
function and thereby evaluate 7e,app a5 an estimate of 7.
Such calculations have been carried out by Pearson (1976)
for the generalized Newtonian fluid and for a variety of
viscoelastic constitutive equations including the fluid of
grade 2, the BKZ fluid, and several corotational and co-
deformational nonlinear Maxwell models.

We illustrate here the analysis of neapp based on the
Zaremba-Fromm-DeWitt model (Bird et al., 1974) modi-
fied to fit shear viscosity data:

D i3
4 -+ )\ef —-ﬁ‘r? = et Al (10)

where the corotational (or Jaumann) derivative is defined
as

Dl prld arid 1 . ,
= — + g — + — (™™ — ™M) (11)
Dt ot “oxe 2 (
and the deformation-rate dependent relaxation time and
shear viscosity are taken to be

(12)

- 7o — (13)
(1+a>\ \/—lé—IIA )’"

Some material functions of this fluid are summarized
in Table 1 of part I. We refer to this model as the modi-
fied Zaremba-Fromm-DeWitt model (MZFD).

The mathematical analysis of bubble collapse becomes
simpler in a moving coordinate frame suggested by Epstein
and Plesset (1950):

Nef =

t=v (14)
1/3[r* — R3(t)] = ¢ (15)
Equation (1) now becomes
© mgg — Mo
——g) ZE_T%
¢ ":’ 3¢ + R? o (16)

where = denotes a stress component in the moving system.
Equation (16) must be solved simultaneously with the
constitutive relation, Equation (10), which yields a first-
order differential equation for the stress difference:

d meg — oo 4ns ReR
el — = — 17
i (mee — me0) + o Ny LR (17)
In general, Equations (16) and (17) must be solved nu-
merically.

An evaluation of the degree to which e ap, might be a
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Fig. 3. Te,app ¥s. € compared to predictions for M, of the WIJFLMB,
Bogue, network rupture, and MZFD models for the HPC solution.

good approximation to 7. may be carried out in the follow-
ing way:

1. Data on ®(¢) and R(t) are obtained from a bubble
collapse experiment.

2. A constitutive model [such as Equation (10)] is as-
sumed and its parameters determined from suitable visco-
metric data.

3, ®(t) is calculated through solution of Equations
(16) and (17) using the observed R(#) data. Comparison
with the measured @(f) then gives some indication of the
ability of the assumed constitutive equation to describe this
elongational flow.

4. From solution of Equation (17), the stress difference
wge — mgp is found. The desired stress difference (7, —
7¢0) r is found from

(trr — 708)r = (mgs — mgg)g=g T —> 0 (18)
5. The stress ratio
3
—®
SR = — ¥ — (19)

(mee — mep) e=0

measures the error in using 7e,app in place of 7.

For viscoelastic fluids, it is necessary to have an initial
condition on the stress distribution at the start of collapse.
Pearson (1976) shows that the results are relatively in-
sensitive to the assumption made regarding initial stresses.
The calculations illustrated here assume the initial distri-
bution to be that which would exist in a Newtonian fluid
of viscosity 7,.

Figures 1 and 2 show typical examples of the procedure
described above, The relationship of predicted to ob-
served @(¢) was discussed more fully in part I. Here we
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Fig. 4. Me,app vs. ¢ compared to predictions for . of the WIFLMB,
Bogue, network rupture, and MZFD models for the PA solution.

point out the fact that SR > 1. More extensive modeling
by Pearson (1976) indicates that for any constitutive
model which gives a stretch thinning ., SR is always
greater than unity. For such fluids, then, .. is always
an overestimate of the true elongational viscosity.
Quantitatively we note that as steady state is ap-
proached, the value of 3/2 @ exceeds the normal stress
difference at the bubble wall by a significant amount.
However, modeling with a variety of constitutive models
suggests that 7eapp is at least an order of magnitude esti-
mate of 7. and is probably within a factor of 2 of the true
viscosity under the experimental conditions studied so far.

RESULTS AND DISCUSSION

Two polymer solutions were studied: 2% hydroxy-
propylceilulose in water and 1% polyacrylamide in a 50%
solution of glycerine and water. The relevant fluid prop-
erties are given in part I, as are the material constants used
to fit the modified Zaremba-Fromm-DeWitt model to shear
viscometric data.

Data of ne,app as a function of strain rate are shown in
Figures 3 and 4 for the two solutions. Also shown are pre-
dictions of 7 (é) for several models, including the modified
Zaremba-Fromm-DeWitt model, the Tanner-Simmons net-
work rupture model (Tanner, 1969), the WJFLMB fluid
(Spriggs et al, 1966), and the Bogue fluid (Chen and
Bogue, 1972). Each model was used with a Spriggs-Rouse
relaxtion spectrum (Spriggs, 1965):

A=Ay — a (20)
Nn = Tohn / 2 An (21)
n=1
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TaBLE 1. MATERIAL CONSTANTS FOR VISCOELASTIC MODELS

HPC PA
M0(p) 620 2240
Als) 1.5 66
MZ¥D
. Drid
g = ny AU a 048 0.32
T et T = et m 0.76 0.70
[see text, Equations (11) to (13)]
Network rupture
i5 t - Nn t—t
= ft—tR . 2 exp ( — ) (C-1)i(t,)dy b 4.56 2.93
tR=B/Y n—1 An? An
Bogue
¢ < Nakn=l t—v
nin -
i exp | — (C-1)i(s e )dr
v f—wﬂ_l An® P( An® ) ()
r? = Ae a 09 0.96
1 1/2
1 o { — 11
+akn < 2 A>
1. 2 1 (= 1/2
—1II = — j \ }— I1 ds
2 A s Yo 2 A
WJFLMB
- 2 e
we= | T/ exp (—- tk t’) (C-1)¥(se)dy c 0.38 0.6
—0 n

1
=11+ I ()22
t3 [ (¥)

Material constants are given in Table 1. Both the MZFD
and Tanner-Simmons models agree quite well with the
data, while those models that predict stretch thickening
behavior are clearly inappropriate. In all cases, all mate-
rial constants were fit to viscometric (shear) data only.
Thus, the test of the constitutive equation is severe.

CONCLUSIONS

We believe that the experimental procedures described
in this paper and in part I (Pearson and Middleman,
1978) allow calculation of an apparent elongational vis-
cosity which provides a reasonable estimate of the actual
elongational viscosity of the fluid. The conclusion follows
from the following experimental and theoretical results:

1. Constitutive equations which predict stretch thin-
ning, when used to solve the dynamic equations for bubble
collapse, show that the apparent elongational viscosity,
as we have defined it, is an overestimate of the actual
elongational viscosity and gives a reasonable quantitative
estimate of its magnitude.

2. Two viscoelastic constitutive equations which predict
stretch thinning, the Tanner-Simmons network rupture
mode! and the modified corotational (Zaremba-Fromm-
DeWitt) model, can be used to fit the viscometric shear
data of the fluids studied with good precision. When these
models are used to predict elongational viscosity as a func-
tion of strain rate, the predictions, based completely on pa-
rameters established in shear, are in close quantitative
agreement with the data for apparent elongational viscos-
ity, as defined and presented here.
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